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Abstract In many problems from different disciplines such as engineering, physics, med-
icine, and biology, a series of experimental data is used in order to generate a model that
can describe a system with minimum noise. The procedure for building a model provides a
description of the behavior of the system under study and can be used to give a prediction for
the future. Herein a novel hierarchical bi-level implementation of the cross validation method
is presented. In this bi-level schema, the leader optimization problem builds (training) the
model and the follower checks (testing) the developed model. The problem of synthesis and
analysis of regulatory networks is used to compare the classical cross validation method to
the proposed methodology referred to as bi-level cross validation. In all the examples con-
sidered, the bi-level cross validation results in a better model compared with the classical
cross validation approach.

Keywords Model building - Bi-level optimization - Cross-validation - Regulatory networks

1 Introduction

In many problems in a variety of different subjects we need to build a model which describes
the behavior of a system and which can be used to give us a prediction for the future. For
example in engineering, physics, medicine, and biology a series of experimental data is used
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in order to generate a model that can describe the system with minimum error. There are
three main questions in the process of building the best possible model. Which regression
analysis should be adopted, which data selection technique should be used and which learn-
ing procedure should be followed. The answers to those questions depend on the nature of
the problem.

Regression analysis is a technique used for the modeling and analysis of numerical data.
Regression algorithm examines the relationship between a quantitative dependent variable
and one or more quantitative independent variables [1]. The dependent variable is expressed
as a function of the independent variables plus a term which describes the noise of our data.
The noise which corresponds to the error term of the regression equation represents variations
in the variables. The variable parameters are estimated so as to give the best fit of the data
minimizing the error term. The developed model with minimum error is considered to be an
empirical model which can best describe the system under consideration.

There is no unique statistical procedure for selecting the best regression model. The choice
of regression method is dependent upon the case study. The two regression methods which
are commonly used are the linear and the quadratic regression [2—4]. In [5] a comparison is
made between the regression trees and multi-linear regression [5] to characterize the special
pattern of soil carbon and nitrogen pools in the Turkey lakes watershed. Three layer cascade
correlation artificial neural network models have been developed in [6] for the prediction of
monthly values of water quality parameters in rivers. In [7] Kohler presents a nonparamet-
ric regression function estimation based on interaction least squares splines and complexity
regularization. Finally, another commonly used regression method is the robust regression.
All the classical robust regression methods can be found in the literature review presented by
Meer et al. [8]. An excellent review of regression approaches are provided in [9] where dif-
ferent regressions methods are presented and examples are used to illustrate the application
of these methods.

Besides the selection of the regression model, another important consideration in model
building is the characterization of the importance of different variables since in a number of
cases some of the variables may be redundant or even irrelevant. Usually better model can be
derived by discarding such variables [10—12]. Moreover, as the number of features increases,
the number of training samples required increases exponentially [13]. By removing irrele-
vant and redundant variables from consideration in model building, feature selection helps
improving the performance of learning models by improving model structure, speeding up
learning process and enhancing generalization capability.

There are a lot of theoretical results as well as practical methodologies that are presented
in the literature for the problem of feature selection. From a theoretical perspective, it can
be shown that optimal feature selection requires an exhaustive search of all possible combi-
nations of subsets of features. The exhaustive search is thus the one of the feature selection
methods applied for model building. The disadvantage of this method is that, in general, the
experimental or statistical data contain a large number of features and the exhaustive search
becomes computationally impractical. In this case, supervised learning algorithms are used
where the search is for a satisfactory subset of features instead of an optimal exhaustive
search. In the case where the exhaustive search is used, a stopping criterion is defined and
the subset of features with the highest score discovered up to that point is selected as the
satisfactory feature subset [9]. Some other useful approaches have been proposed, such as
the booting algorithm [14] and modeling averaging [15,16]. Hybrid approaches are used in
many cases for the feature selection problem using experimental data in biology and medi-
cine. Li et al. [17] proposed a hybrid method of a generic algorithm and k-nearest neighbor
classifier. Ooi and Tan [18] proposed an efficient hybrid approach also involving a genetic
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algorithm and the maximum likelihood classification. Ho et al. [19] present an inheritable
genetic algorithm for the feature selection applied in several biological applications. In some
cases where it is impractical to use genetic algorithms, other methods are used as proposed
by Peng et al. [20], who developed a tree-stage feature selection method that uses a pre-filter
method to remove features with lower standard deviations among various classes. A review
of feature selection methods applied in bioinformatics is presented by Saeys et al. [21]

After the feature selection and the selection of the regression model an evaluation method
should be used to determine the predictive ability of the model. Cross-validation is one
of the most commonly used model evaluation methods, as it performs better than the full-
sample validation method [22] where all available data are used for the model building and no
testing on the developed model occurs. The problem with the full-sample validation methods
is that they do not provide an indication of how well the model will behave if different data
is used. Generally in cross-validation method the statistical practice is to split the data into
subsets such that the analysis is initially performed on the first subset, while the other subset
is retained for subsequent use in confirming and validating the initial analysis. Recent results,
both theoretical and experimental have shown that cross-validation is one of the best methods
for model building [23]. Since the main contribution of the present paper is the development
of a novel hierarchical implementation of the cross validation method, more details regarding
the proposed method and the traditional implementation of the cross-validation approach are
given in Sect. 3 after the presentation of our motivating example.

The remaining of the paper is organized as follows. Section 2 presents our motivating
example that describes the problem of synthesis and analysis of regulatory networks. In
Sect. 3 we describe the classical cross validation method, a new cross-validation approach
based on a bi-level formulation as well as the solution approach. Section 4 gives some
numerical results applying the new method and presents a comparison with the classical
cross-validation method. Finally, Sect. 5 draws conclusions indicating future perspectives
for this work.

2 Motivation: synthesis of regulatory networks
2.1 Problem definition

The problem we are considering in this section is the synthesis of regulatory networks. Reverse
engineering of regulatory networks is emerging as a viable alternative for deciphering the
transcriptional regulation programs underlying gene expression. Significant efforts have been
made experimentally and computationally to identify transcription factors (TF), their target
genes, and the interaction mechanisms that control (regulate) gene expression [24,25]. Fotei-
nou et al. [26] proposed a systematic construction of alternative regulatory architectures and
a consistency metric for assessing robustness and specific transcription factors. The authors
evaluate the biological implications of the multiple alternative structures in their biological
context and demonstrate how a systematic framework can define the basis for a consistent
hypothesis generation mechanism related to putative regulatory interactions. A novel mixed-
integer optimization model is proposed in Sect. 3.2 for building a regulatory network using
gene expression and binding data for an E. coli case study during transition from glucose
to acetate as the sole carbon source. The presented optimization model identifies optimal
reconstruction and architectures in a rigorous manner. The model combines gene expres-
sion data and prior biological knowledge regarding the potential for regulatory interactions
between genes and their corresponding transcription factors. The proposed model provides
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significant advantages over available modeling methodologies in that the complexity of the
regulatory network can be explicitly taken into account, multiple alternative structures can
be systematically generated and finally robust and significant biological regulators can be
rigorously identified.

The model building of the regulatory networks in [26] is done using the full-sample val-
idation method. In the present work a k-fold cross-validation method is used to build the
regulatory network. In general in k-fold cross-validation (C-V) the model building is done in
two steps. In the first step, the structure of the genes network is determined using as training
data k — 1 folds, while in the second step the obtained structure is confirmed using the rest
of the data. The objective of this research is to present a new methodology for the model
building of regulatory networks using a concept similar to the k-fold cross-validation proce-
dure and compare it with the classical k-fold cross-validation method. Our goal is to perform
the k-fold cross-validation in only one step, performing the development and the validation
of the genes network at the same time. The concept of k-fold cross-validation is used and
the training and test procedures are done at the same time. To achieve this goal a frame-
work of bi-level optimization is proposed where the leader determines the structure of the
gene network (training) and the follower does the validation of the developed gene network
(testing). Then the obtained model is evaluated in an auxiliary sample of data referred to as
evaluation data. In the following sections, the mixed integer optimization problem used for
the building model of regulatory networks is introduced followed by a brief review of the
solution procedure.

2.2 Synthesis of regulatory networks

In this section, a mixed integer formulation for the synthesis of regulatory networks is pre-
sented following the ideas proposed in [26]. In the ideal case where error does not appear in
experimental data, the log-ratio of the gene expression level of gene i at time point ¢ (E (i, ))
is given by the following equation:

E@,t) = ZH(i,j)P(i, j.t) Vit (D

J

where E is the matrix of the log-ratio of the gene expression levels with dimensions N,
(number of genes) x Nt (number of time points); IT is the connectivity matrix whose entries
are constant and characterize the strength of interaction between any regulatory pair (i,j)
with j referring to the regulator with dimensions Ny x Ntg (number of transcription factors);
and P is the matrix describing the effective dynamic activities for each regulator, expressed
as log-ratios, during the course of the experiment. In certain decomposition schemes IT is
treated as an unknown variable that must be identified. In our formulation, both IT(i, j) as
well as E(i, t) are considered known from experimental studies. To incorporate the exper-
imental error, potential sources of uncertainty, and the general lack of detailed knowledge
about transcription factor connectivity, and their relationship between binding and activity
equation (2) is modified as follows:

E(i.t) =Y TI(i, j)P(. j.1) +error Vit 2)
j
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To simulate the positive and negative contribution of error (e*(i 1), e (i, t)) in equation
(3) the equality is further modified as follows:

EG.0)— Y TG PG, j.0)=eti.0)—e (1) Vit 3)
j

Given the effective activity of a transcription factor we need to be able to simulate its
corresponding effect, whether it is activating or repressing the expression of the target genes.
The P(i, j, t) decision variable is thus replaced by the P (i, j, ) (whenj is an activator) and
P~ (i, j,t) (when j is a repressor). After the addition of those variables equation (4) takes
the following form:

EG.0)— Y TG )P j.0+ D TG HP G j.0)=eti0)—e (1) Vit (4)
j j

The optimization framework attempts to de-convolute the gene expression profiles in
terms of a reduced “basis set” defined by the activities of the corresponding TF. The aim
is to achieve the best possible decomposition while observing prior knowledge about the
system, in terms of known interaction and possibly the known directionality of a subset of
those interactions (activation/suppression). Furthermore, we are interested in systematically
identifying alternative structures in order to unravel the underlying structure of the regulatory
network by pinpointing robust and, presumably, critical regulators. All of the above questions
can indeed be addressed by the solution of the following mixed-integer linear optimization
problem:

NrR Nt
Min Z Ze+(i, J)+e @, ))
i t
Subject to:

NtF N1F

EG,0)— Y TG, PTG, j,0+ D TG, )HPG, j, 1)
J J

=T, j)—e G, j) Vit )
PYG, j,) = PTG+ 1,j,0) =0 Vi # Ny, j.1 )
P @, j,t) =P (i+1,j,t) =0 Vi # Ng, j,t (6)
PYGi, j, 1) <7, )M Vi, j,t )
P(i, j,0) < (L=r(i, )M Vi, j,1 ®)
Nr Nt
DD P =P ) < 2(DM V) ©)
i t
NTF
> DG, () =1 Vi (10)
J
NtF
D =m (1n
J

PTG, j,0), PTG, js) =0 et j) e, ) =0 2()),rG, j) € {0, 1)
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Data: E(i, t), I1(, j), DG, j),m =1, ..., NTp

The additional decision variables incorporated in the model are defined as follows. z(j) is
a binary variable which denotes the existence (z(j) = 1) or non-existence (z(j) = 0) of par-
ticular regulator’s activity; r (i, j) is an auxiliary binary variable which denotes if a TF j acts
LG ) #0y,
0TI, j)=0

In the above formulation constraints (4) enforce the agreement with the gene expression
data; constraints (5) express the requirement that when the regulator acts as an activator
(r(i, j) = 1) its effective activity will be the same among the genes it regulates; constraints
(6) represent the same requirements for the repressor (r (i, j) = 0); constraints (7), (8) express
the requirement that if 7 (i, j) = 1 then the transcription factor (j) acts as an activator of gene
(j) and thus PT(i, j, t) is positive and less than M, whereas if r(i, j) = O then the tran-
scription factor (j) acts as a repressor and thus P (i, j, t) = 0; constraints (9) represent the
requirement that if there is no regulatory activity (z(j) = 0) then all variables that correspond
to this regulator should be zero (P (i, j,t) = P~ (i, j,t) = 0); constraints (10) state the
requirement that there should be at least one regulator for each gene that has at least one
nonzero element on the connectivity matrix IT . Finally constraints (11) represent the feature
selection requiring m out of Ntp transcriptions factors to act as regulators for this system.

Note that the selected regression technique is linear regression and the feature selection
procedure for the model building which is used is the exhaustive strategy where the model
is solved for different number of transcription factors m = 1, ..., Npr.

as a activator of gene i; and D(i, j) is defined as follows D(i, j) =

3 Cross validation
3.1 Classical cross validation

Cross validation methods can be in general classified into the following three categories:
the holdout method, the k-fold cross-validation method, and the leave-one-out cross-valida-
tion, which is a specific case of the k-fold cross-validation method. In the holdout validation
method [9,27], observations are chosen at random from the initial sample to form the testing
subset of the data, and the remaining observations are retained as the training data. Then an
evaluation function predicts the output values for the data in the testing set. Normally, less
than 30% of the initial sample is used for validation data and the rest for training data. The
evaluation depends heavily upon which data points are selected for the training subset and
which for the test subset, and thus the evaluation may be significantly different depending
on how this selection is made. Another limitation of this method is that, in problems where
the dataset is sparse, it is not advisable to set aside a portion of the data for testing.

In k-fold cross-validation, otherwise known as rotation estimation [2,28], the original sam-
ple is partitioned randomly into & mutually exclusive sub-samples of approximately equal
size, and the holdout method is repeated k times. Each time, one of the k sub-samples, a
single sub-sample, is retained as the validation data for testing the model, and the remaining
k — 1 samples are used as training data. The cross-validation process is then repeated k times,
with each of the k sub-samples used exactly once as the validation data and k — 1 as part
of the training data. Then in order to produce a single estimation, the average error across
all & trials is computed [29]. The advantage of this method is that it does not depend on the
way that the data are divided. Every data point is included in a test set exactly once and
in a training set k — 1 times. It should be noticed that as the number of folds is decreased
the variance of the estimate is reduced. The disadvantage of this method is that the training
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algorithm has to run k times more than in holdout validation, which means it takes k times as
much computational time. Schneider and Moore [30] applied k-fold cross-validation where
the partition of data is done randomly in each iteration. The advantage of doing this is that
the size of the testing dataset and the number of the trials can be independently chosen.

A specific case of k-fold cross-validation is the leave-one-out cross-validation method
[31]. Leave-one-out cross-validation is k-fold cross-validation, with k equal to n, where 7 is
the number of data points in the set. In this method the function for evaluation is trained n
times on all the data except for one point (a different point in each iteration) and a prediction
is made for that point. As in k-fold cross-validation, the average error is computed and used
to evaluate the model [29]. The evaluation given by leave-one-out cross-validation error is
better in some cases, but it is very expensive to compute. Kohavi [23] has shown that increas-
ing the computational cost is not always beneficial, especially if the relative accuracies are
more important than the exact values.

There are a number of successful applications of k-fold cross validation reported in the
literature [32]. The most important step in this method is the choice of the folds that are
needed in order to better evaluate the model. Using a large number of folds has the advantage
that the bias of the true error estimator is small because the estimator is more accurate. The
disadvantage is that the variance of the true error estimator is large and the computational
time is increased due to the large number of experiments that are needed in order to com-
plete the k-fold cross-validation procedure. In practice, the choice of the number of folds
depends on the size of the dataset. Kohavi [23] has shown that for medium datasets, twofold
to fivefold cross-validation is quite accurate while for very sparse datasets, one may have
to use leave-one-out cross-validation in order to train on as many sets as possible. Finally,
Breiman and Spector [33] found tenfold and fivefold cross-validation to work better than
leave-one-out cross-validation.

For the specific case of regulatory networks studied in this paper the classical cross-
validation method is applied for k — 1 iterations within each loop for a fixed m (number of
transcription factors taken under consideration). At each iteration k — 1 folds are used in the
above model in order to build the regulatory network. At the end of each iteration of loop
1, the developed regulatory network is tested using a fold which was not used in the current
iteration in the building procedure. When all the folds are used as testing and training data
the algorithm continues to the next loop /+/ where the number of transcription factors taken
under consideration is increased by one. The algorithm continues building a new model with
a different number of transcription factors taken under consideration and applying the k-fold
cross-validation procedure. The algorithm stops when all [ x (k — 1) models are built.

There are numerous strategies for exporting the final model using the [ x (k — 1) results
obtained by the k-fold cross-validation. Ideally the estimation of the model should be an
average approximation obtained after the k-fold cross-validation for m number of transcrip-
tion factors. In order to build the final model in [29], the authors proposed that the average
is considered over the training sets’ errors. The authors claimed that there is no universal
procedure for building of the final model after the cross-validation procedure, and that the
number of folds is an important aspect which affects the final model. Alternatively, as the
final model can be constructed considering the average of P* (i, j, t) and P~ (i, j, t) over all
loops, which give the minimum training error in the k — 1 iterations in a given loop or which
give the minimum testing error. Another procedure to export the final model is to choose the
bestn C I x (k — 1) results as presented in [34]. The criterion to define the best n is usually
considered to be the minimum training or testing error. For example, in [34] the authors pro-
posed an evolutionary support vector machine-based classifier with automatic selection from
large set of physicochemical composition features to design an accurate system for predicting
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protein subnuclear localization named ProLoc. The criterion in this case is the first 50% of
the results based on a ranking associated with physicochemical properties. For the problem
considered in this paper, we select the average of PT(i, j,t) and P~ (i, j,t) obtained at
each iteration of cross-validation procedure as the final model for a given loop. We select
this approach since it is one of the most widely used approaches and is applicable in any
model building procedure. In the following section we present an alternative cross-validation
schema based on the bi-level framework.

3.2 Bi-level cross validation

Bi-level optimization, also known as hierarchical optimization, deals with mathematical pro-
gramming problems whose feasible set is implicitly determined by a sequence of two nested
optimization problems [35]. In bi-level optimization we have two optimization levels: the
upper optimization level, which is the leader, and the lower, which is the follower. The fea-
sible region of the upper optimization problem is determined by its own constraints plus the
inner optimization problem. In bi-level optimization the leader controls a sub-set of decision
variables and the follower the other sub-set. If the leader makes a decision, then the follower
responds with its own best decision. For a given leader’s decision, the follower solves the
inner optimization problem. The leader examines the reactions of the follower for each fea-
sible choice. The set of all feasible solutions for the bi-level problem is called the inducible
region. The optimal solution in the linear case is an extreme point of the inducible region
which is a nonconvex region [36]. The optimal solution of the bi-level problem is a point
that belongs to the inducible region where the upper level objective function takes its optimal
value.

In bi-level optimization schema implemented for cross-validation of experimental data,
the leader optimization problem builds (training) the model and the follower checks (testing)
the developed model. At each iteration of the algorithm a subset of data, which was used
in the follower level problem in the previous iteration, becomes part of the training data and
a subset of training data becomes part of the testing data. The algorithm continues until all
the k-folds are used in the upper level k — 1 times (as training) and in the inner level one
time (as testing). In each loop of the algorithm for a given number of transcription factors
(m) we build a model using k — 1 folds (corresponding to index i) minimizing the training

Nz_k Ifolds
error (Z ¢ fVT [e,t @i, 1)+e,(, t)]) in the inducible region of the bi-level prob-
lem, wherein using the rest of data (corresponding to index ¢) minimizing the testing error

q 1fold
(Zq . [em (q,1) +ei(q, t)]) in the feasible space of the decision variables con-

trolled by the leader (etr (g,1),e,(q,1),r(, j), z( ])) This procedure is represented by the
following bi-level model:

i=k—1folds
Ng Nr

Z Z[e;(z 1+ e, 1)]

subject to:
NTF N1F
EG. )= Y TG, j)- PFG. j.0)+ D TG, j) - PTG j.1) -
i i
=e(i,t) — e, (i,t) Vit (12)
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PTG, j, )= PYi+1,j,6)=0 Vi, jt (i # Ng) (13)
P (i, j,) =P (i+1,j,0)=0 Vi, j t({# Ng) (14)
PYG, j,t) <r(, )M Vi, j,t (15)
PG, j,t) <A —r@,j)M Vi,j,t (16)
Ng Np
SSUPTG .0+ PTG DI S 2(IM V) (17)
i t
Ntp
D IDG, P2y =1 Vi (18)
J
Ntr
Dy =m Vj (19)
J
Ng:lfold NT
Min > D lefi(g. 1) + ey (q. )] (20)
q t
subject to:
NTF NTF
E(g,0)— D Tq, )- Pl (q, j,0) + D T(g, )) - Py (g, ). D)
J J
=g, 1) —en(g. 1) Vg1 1)
PS(q,j.0) = P(0,j,0) =0 Vg, j,1 (22)
Pq_(q!j’t)_Pi_(O’jvt):O quj’l (23)
P,;(‘]a j7 t)7 Pl'_(i7 j’ t)5 ch(‘], j’ t)7 Pl'+(i7 j’ t) Z Oa e+(is t)5 ei(l’7 t)
>0,z(j),r@,j) €{0,1} 24)

In the proposed bi-level model (12), (13), (14), (15), (16), (17), (18), (19), (20), (21), (22),
(23), and (24) a given loop defines k — 1 different sets of variables PZ.+ @, j,0)and P (i, j, 1),
minimizing the training error subject to a set of constraints where one of the constraints is
an additional optimization problem corresponding to the testing problem. This additional
optimization problem uses the rest of the data and for each feasible value of the leader opti-
mization problem determines the minimum testing error. The obtained model corresponds
to the optimal values of PI.Jr (i, j,t) and P (i, j, t) subject to a minimum test error.

In the classical cross-validation procedure the training and the testing take place sepa-
rately. In bi-level optimization the training takes place at the same time as the testing, where
the error in the training level is minimum but at the same time the testing error is taken in
to account in a bi-level framework. Both procedures use all the data in order to build the
final model. In bi-level optimization a hierarchy is given to two types of error (training and
testing). The training error is considered to be more important and for this reason it takes the
place of the leader in the bi-level framework.

3.3 Solution approach

The developed model described by equations (12), (13), (14), (15), (16), (17), (18), (19),
(20), (21), (22), (23), and (24) for the synthesis and analysis of regulatory networks is a
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mixed integer linear model. In the classical cross validation approach for the solution of this
model we use a standard branch and bound algorithm provided by ILOG-CPLEX. For the
case of bi-level cross validation the developed model is a mixed integer bi-level linear model
(MIBLP). Moore and Bard [37] developed a basic implicit enumeration scheme which uses
a depth-first branch and bound approach incorporating some modifications in the typical
depth-first branch and bound scheme. Wen and Yang [38] developed another branch and
bound technique, where only the outer problem has discrete decisions and the inner problem
has continuous decisions. Cutting plane and parametric solution approaches have been devel-
oped by Dempe [39] to solve problems where the inner level has a separable outer variable
in its objective function only. Faisca et al. [40] proposed an algorithm based on parametric
programming theory using the basic sensitivity theorem. Giimus and Floudas [41] introduced
two deterministic global optimization methods that solve mixed integer nonlinear bi-level
problems. For more algorithmic details on hierarchical optimization an interested reader is
referred to the book by Migdalas et al. [42].

For the solution of the MIBLP presented in the previous section we use the iterative algo-
rithm presented in our previous work [43]. The basic idea of the algorithm is to decompose
the initial MIBLP to a series of problems named slave problems (SP) and the restricted
master problem (RMP) which converge to the optimal solution. The proposed approach is
based on KKT optimality conditions and Benders decomposition method where in each
iteration a set of variables are fixed which are controlled by the upper level optimiza-
tion problem. The algorithm starts by fixing the integer variables controlled by the upper
level problem, which corresponds to the minimization of the training error, to specific val-
ues (z(j) =z(j), r(, j) =7(i, j)). Fixing the integer variables the current slave problem
(SP (z(j), 7(i, j))) which is a bi-level linear problem is constructed. This problem is then
reformulated to a mixed integer linear problem using the KKT optimality conditions of the
inner problem and the active set strategy approach [44]. The solution of this problem provides
information about the active constraints which are used to build a linear problem referred to
as corresponding linear problem (LP (z(j), 7(i, j))). The corresponding linear problem, with
the same active constraints derived by the current slave problem (SP (z(j), 7 (i, j))), gives
an upper bound (UB) to the solution of the original problem. Using the optimal dual values
of the current corresponding linear problem (LP (Z(j), 7 (i, j))) we construct a cut which
is added to the RMP. After the addition of the current cut, the augmented RMP is solved
to obtain a new lower bound (LB) for the algorithm. In the next step the RMP optimality
condition (UB — LB < ¢) is checked. If it is satisfied the algorithm stops, otherwise the
algorithm continues using the current solution obtained by the RMP in order to construct a
new SP. The algorithm continues until the RMP optimality condition is satisfied.

4 Numerical results

The numerical results presented in this section are based on the experimental data presented
in [26] and are provided in appendix A. As described in Sect. 2, the data of our model consist
of three different parameters: (a) the log-ratio matrix of the gene expression level of gene i at
time point ¢ (E (i, t)) with dimensions Ng (number of genes) x Nt (number of time points);
(b) the connectivity matrix which characterizes the strength of interaction between any
regulatory pair (i,j) with j referring to the regulator (IT(Z, j)) with dimensions Ny X Nt
(number of transcription factors); and (c) the matrix D(i, j) with same dimensions as
I1(7, j) which indicates whether or not there is an interaction between a regulatory pair
(i,j) with j referring to the regulator. The data that we use for the evaluation of the bi-level
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Table 1 Comparison of training and testing error for classic cross validation and bi-level cross validation for
specific number of transcription factors

Training error Testing error CPU solution time (s)

m =28

Classic C-V 41.951 167.541 613
Bi-level C-V 76.071 24.992 14482
Relative difference —81.33% 85.08%

m =23

Classic C-V 41.951 202.096 678
Bi-level C-V 78.754 25.174 18881
Relative difference —87.72% 87.54%

m=18

Classic C-V 46.567 56.606 1999
Bi-level C-V 92.599 28.604 25901
Relative difference —98.85% 49.46%

cross-validation method consist of 88 genes, 30 regulators and 10 time periods. In the first
step of our analysis the data are split into two sets of genes. The first one, which has 68 genes,
is used in the model building by classic and bi-level fourfold cross validation and the second,
which has 20 genes, is used as evaluation data. The number of folds is chosen based on the
literature and the size of the problem [23,33]. In the second step the first set of data is split in
four new sub-sets: the 1st sub-set has the data for genes 1-17, the 2nd for genes 18-34, the
3rd for genes 35-52 and, and the 4th for genes 53—60. In each loop of the model-building
procedure three sub-sets are used for training and the remaining one for testing. These four
sub-sets of data for a given number of transcription factors taken under consideration ()
are crossed, giving the final model when each of the four sub-sets is used exactly once as the
testing data and three as part of the training data. For a given (m) the model is built after four
iterations and corresponds to the average value of PiJr (@, j,1) and P; (i, j, 1) obtained from
the four iterations. Notice that the second set of data is never crossed with the first one and
is used only as an extra independent set of data for the evaluation of the two approaches. All
results presented in this paper have been obtained on Pentium (R) 4, CPU 2.40 GHz, RAM
1GB and CPLEX 10 using C++ implementation of the proposal approach.

In Table 1 we present the obtained training and testing error in the classical cross validation
and the bi-level cross validation for a specific number of transcription factors (m = 28, 23,
and 18). In general a bi-level optimization results in an objective function value larger (for a
minimization problem) compared to a single level optimization since it constitutes a restric-
tion given the lower level constraint. Thus in the numerical examples shown in Table 1 an
increase in training error (upper level objective) is observed (the relative difference between
the classical and bi-level approach is up to 98%). The opposite is true for the lower level objec-
tive (testing error) where using the bi-level optimization approach the testing error is obtained
while minimizing the training error (a reduction up to 87% is observed). It should be however
noticed that the solution of the bi-level optimization is computationally more demanding and
the CPU time increases as the selected number of transcription factors decreases.

As described above, the model is constructed based on the average values of PiJr (i, j, 1)
and P, (i, j, t) obtained after four iterations of the algorithm for a given m. This model is
then tested using the evaluation data (the second set of data for 20 genes that are not crossed
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Table 2 Comparison of classical cross validation and bi-level cross validation for different number of tran-
scription factors

m Evaluation error Relative model improvement
between classic C-V and
bi-level C-V (%)

No data Classical Bi-level

partitioning C-v C-v
30 59.712 52.678 36.816 30.11
29 58.723 50.345 34.345 31.78
28 56.666 48.966 32.286 34.06
27 53.129 46.312 39.701 14.27
26 50.098 44.449 38.635 13.08
25 49.887 42.671 35.005 17.97
24 45.956 41.998 33.871 19.35
23 42.235 38.374 31.609 17.63
22 38.912 32.321 25.876 19.94
21 35515 30.009 24.991 16.72
20 33.702 28.901 21.876 2431
19 32.995 24.711 20.112 18.61
18 32.112 22.962 19.752 13.98

Table 3 Evaluation of the final

Classical C-V  Bi-level C-V  Relative evaluation
model

error improvement

Final model 38.371 28.705 25.19%
evaluation error

with the first four sub-sets of data). In Table 2 we present the evaluation error for different
number of transcription factors in the range of [18,30]. As the last column shows, the evalu-
ation error of the obtained model using the bi-level cross validation approach is in all cases
lower than in the classic cross validation (13% up to 30%), demonstrating the advantage of
the proposed method. The second column in Table 2 represents the evaluation error when
all the data are used which is obviously higher than the Cross Validation methods since this
procedure results in model overtraining.

In order to further evaluate the two approaches we develop two final models: the first one
based on the classical cross validation approach and the second one based on the bi-level cross
validation approach. The final models are built based on the results obtained after the fourfold
cross validation and the different number of transcription factors taken under consideration
(18-30). The final models correspond to the average values of Pi+ @, j,t)and P (i, j, 1)
after the 12 loops (12 = 30 — 18) where each one of them needs four iterations for the cross
validation (in total 12 x 4 = 48 values of Pl.+ (@i, j, 1) and P, (i, j, t) are considered). These
two models are tested using the evaluation data set of 20 genes. Table 3 shows that the model
built using the bi-level cross validation is better compared to the model obtained using the
classical approach with a different of 25% in the evaluation error.
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5 Summary and discussion

An alternative approach for the cross-validation of experimental data is presented in this
paper. This new approach is called bi-level cross-validation and is based on hierarchical
optimization. In this approach the training and the testing procedure are not independent.
A hierarchy is given to these two levels of cross-validation. In bi-level cross-validation the
training and the test take place simultaneously in a hierarchical framework. The training step
is the leader optimization, which minimizes the training error subject to a series of constraints,
one of which is the minimization of testing error.

The objective of this paper is to present an alternative formulation for the cross-validation
problem and compare the solution procedure with the classical cross-validation approach.
The results illustrate that for the construction of the regulatory network problem the proposed
bi-level approach gives good results in all cases. It should be pointed out that the proposed
bi-level approach always results in a solution at least as good as the one found following
the traditional cross validation strategy. The only difficulty regarding the proposed approach
is the computational complexity of the algorithm especially when large datasets are con-
sidered. In order to accelerate the proposed solution approach, acceleration methods as the
ones presented in [45] or other partitioning approaches presented in [47,48] can be applied.
Moreover since the model presented in Sect. 3.2 is usually characterized by multi-optimal
solution, a combination of the classical Benders cuts produced during the proposed solution
approach with Pareto-optimal cuts [49] could be an alternative way to accelerate the solution
procedure.
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Appendix A

See Tables 4 and 5.

Table 4 Log-ratio matrix of the gene expression level of genes with dimensions Ng (number of genes) x N1
(number of time points)

Gene/time point 1 2 3 4 5 6 7 8 9 10

1 0 —0.181 0.105 0.267 0.539 0.893 0.711 0.59 0.372  0.35
2 0 —0.394 —0.106 —0.03 0.221  0.683  0.652  0.53 0.633  0.571
3 0 —0.248 0.005 0.139 0297 0.675 0.6 0.647  0.561  0.554
4 0 1305 1.35 1.22 1.328  0.851  1.12 1.26 1.275 142
5 0 0.087 0.093 0.08 0298 0.3 0.14 0.026 —0.104 —0.135
6 0 0.087 0.143 0.218 0.221 0.22 0.126  0.067 0.064 0.017
7 0 0389 0487 0438 0419 0.162 0 —0.001 —0.028 —0.013
8 0 —0.163 —0.036 —0.095 —0.133 0.275 0.056 —0.042 —0.153 -0.214
9 0 —0.731 —-0.776 —-0.724 —-0.851 —0.669 —0.553 —0.445 —0.536 —0.459
10 0 0.068 0211 0.289 0417 0.587 0.415 0338 0332 0.29
11 0 —0.375 —-0.314 —-0.333 —0.352 —0.404 —-0.37 —-0.266 —0.378 —0.112
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Table 4 continued

Gene/time point 1 2 3 4 5 6 7 8 9 10

12 0 —-0.214 -0.161 —-0.058 0.049 0.06 —-0.027 0.061 —-0.116 —0.004
13 0 —-027 -0.782 —-0.837 —-0.372 —0.053 —0.188 —0.02 —0.153 —0.176
14 0 —-0.75 —0.563 —-0.453 0.005 0.155 —0.074 0.028 —0.096 —0.048
15 0 —0.168 —0.289 —0.238 —0.367 —0.281 0.007 0.099 0.159 0.181
16 0 —0.261 —0.671 —-0.602 —0.68 —0.518 —0.132 0.069 0.065 0.109
17 0 0366 0266 0207 0383 0565 0339 0351 0221 0.178
18 0 0.097 0201 0.077 0451 0.707 0.649 0551 0436 0.408
19 0 0236 0.055 —0.024 0.192 0367 0363 0361 0216 0.321
20 0 —0.179 —-0.237 —-0.247 —-0.017 0.17 0.244  0.108  0.076  0.151
21 0 —0.507 —0.588 —0.592 —0.473 —0.131 0.064 —0.03 0.017  0.011
22 0 —0.146 —-0.011 -0.026 —0.001 —0.086 —0.197 —0.172 —-0.289 —0.266
23 0 0417 0402 0.256 0.075 0.088 0.153 0.173 0.179  0.237
24 0 —0.012 —-0.087 —-0.106 —0.163 —0.123 —0.099 —-0.085 —0.104 —0.038
25 0 0262 0253 0222 0.183 0.095 0.08 0075 0.097 0.163
26 0 0118 0.179 0.211 0.147 0209 0.149 0.115 0295 0.095
27 0 0258 0241 0.199 0.145 0.154 0.122  0.059 0.129  0.158
28 0 0383 0.232 0.107 0497 0.857 0981 0963 1.14 1.01
29 0 0521 0305 0.208 0449 0.742 094 1.049 1.076 1.11
30 0 0434 0267 0222 059 0.651 0.753 1.009 1.26 1.12
31 0 0.634 0479 0394 0.608 0.73 0.928 0.746 0918 0.878
32 0 02 —0.027 —0.117 —0.233 —0.359 —0.379 —0.264 —0.447 —0.284
33 0 0.043 —-0.198 —-0.342 —-0.375 —-0.34 —0.427 —-0.337 —0.497 —-0.365
34 0 0289 0.633 0.705 0.444 0.444 0.234 0237 0.035 0.039
35 0 0945 0.65 0.411 0329 0.093 0.078 0.056 0.058 0.062
36 0 —0.198 —0.358 —0.391 —0.097 0.224 0426 0415 0494 0.449
37 0 —0.866 —0.908 —0.979 —-0.806 —0.452 —0.108 —0.14 —0.202 —-0.25
38 0 —0.158 -0.173 —-0.107 —-0.118 —0.075 —0.082  0.027 —0.107 —0.065
39 0 0295 094 0.783  0.567 0.015 0.055 —0.071 —0.146 —0.16
40 0 —0.134 —-0.183 —0.182 —-0.116 —0.145 —0.047 —0.089 —0.021  0.034
44 0 —0.359 —-0.997 —0.981 —-0.731 —0.631 —0.593 —0.472 —-0.423 —-0.256
45 0 —0.292 —-0.78 —1.185 —1.077 —0.675 —0.348 —0.063 —0.011  0.045
46 0 —-031 -0.626 —0.71 —-0.746 —-0.621 —-0.361 —-0.203 —0.11 0.033
47 0 —-0.304 —-0.37 —-0.727 —-0.672 —0.623 —0.337 —0.248 —-0.156 —0.076
48 0 —-0.017 —-0.147 -0.391 -0.371 —-0.075 0.151 0.351 0.24 0.402
49 0 —0.036 —0.018 0.076 —0.067 —0.231 —0.252 —0.146 —0.198 —0.162
50 0 0.059 0.111 0229 0431 0325 0251 0.17 0.133  0.09
51 0 —0.015 0.045 —0.026 0.092 0.138  0.044 —0.006 —0.079 —0.088
52 0 0.079 0.122 0.243 0486 0.619 0338 0323 0.123  0.121
53 0 0.097 0.121 0.147 —-0.023 —0.069 —-0.017 —0.04 —0.018 —0.001
54 0 0172 0.185 0.196 0.29 0.182 0.347 0271 031 0.323
55 0 0.072 0.022 0.112 0244 0.29 0.382  0.359 0.384  0.361
56 0 0.015 —-0.002 0.023 0.138 0.205 0.281 0272 0251  0.269
57 0 0.024 0.072 0.181 0289 0.4 0.377 0371  0.393  0.321
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Table 4 Continued

Gene/time point 1 2 3 4 5 6 7 8 9 10

58 0 0.017 0.029 0.071 0.15 0.348 0.307 0.331 0.385 0.338
59 0 0343 0613 0538 0369 0.003 —0.15 —0.341 —-0.227 —0.249
60 0 0.052 0.095 0.103 0.133 0.148  0.069 0.045 —0.085 —0.041
61 0 —0.332 —0.448 —0.495 -0.363 0.121 0.286  0.39 0.404  0.461
62 0 —0.012 0.031 —0.015 0.002 —0.164 —0.162 —0.248 —0.084 —0.2
63 0 0935 0718 0303 0.334 0.129 0.028 —-0.018 0.021  0.038
64 0 —0.044 —0.028 —0.032 —0.004 —0.069 —0.066 —0.037 0.217 —0.042
65 0 —0.195 -0.172 -0.161 —-0.001  0.024 0.132  0.07 0.17 0.249
66 0 —0.508 —0.806 —0.889 —0.677 —0.054 —0.192 —-0.155 —0.079 —0.138
67 0 —0.293 —0.297 —-0.442 -0.37 —0.114 0.032 0.041 0.004 -0.077
68 0 —0.688 —0.698 —0.654 —0.596 —0.254 —-0.114 —0.062 —0.13 —0.056
69 0 —0.035 0.15 0.159  0.255 0.202 —0.049 —0.125 —0.285 —0.333
70 0 —-0.202 -0.213 -0.171 —-0.163 —-0.09 —-0.019 —-0.136  0.097 0.012
71 0 0.154 0.062 0.082 0.128 0.054 0.041 —-0.087 —0.08 —0.033
72 0 0521 0324 0422 0363 0354 0.178 0.106 —0.181 —0.117
73 0 0.051 0.035 0.003 —0.052 0.009 —0.058 —0.009 —0.131 —0.069
74 0 0.013 —0.086 —0.063 0.132 0.699 0.896 0.881 0.796 0.764
75 0 —0.032 —-0.22 —-0.139 0.042 0.663 0.795 0.785 0.779  0.743
76 0 —0.692 —1.185 —0.837 —0.968 —0.385 —0.371 —0.432 —-0.529 -0.513
77 0 —0.039 —-0.354 —-0.280 —0.183 0.438 0.634 0.671 0.629  0.661
78 0 0.047 -0.319 -0.276 —-0.117 0511 0.786 0.825 0.837 0.71
79 0 —0.083 —0.489 —-0.542 —-0.212 0.257 0585 0.654 0.878  0.887
80 0 0.118 —0.029 0.004 0.027 —0.064 —0.049 0.01 —0.098 —0.052
81 0 —0.087 —0.083 —0.115 —0.019 0.02 0.188  0.214 —0.002 0.49
82 0 —0.03 —0.645 —0.627 —0.601 —0.526 —0.488 —0.442 —0.476 —0.546
83 0 —0.445 —-0.682 —0.797 —-0.535 —0.226 —0.579 —-0.41 —0.508 —0.188
84 0 —-043 -0.279 -0.223 —-0.261 0.178 —-0.073 —-0.176 —-0.394 —0.359
85 0 —0.018 0.147 0.159 0.085 —0.005 —0.188 —0.139 —-0.296 —0.114
86 0 0923 0924 0983 0.685 0304 0.052 —0.034 —0.062 —0.134
87 0 0343 0578 0.57 0.457  0.137 —-0.016 —0.063 —0.186 —0.161
88 0 0.008 —0.226 —0.281 —-0.346 —0.27 —0.194 -0.14 0.04 0.065

Table 5 Connectivity matrix/interaction between a regulatory pair

Gene/ 1234567891011 1213 141516 17 18 19 20 21 22 23 24 25 26 27 28 29 30
transcription

factor

1 0100000010 001 10O0O0OO0O0OO0OO0OOOOOOGOOOO
2 0100000010 001 10O0O0O0O0OO0OO0OOOOOOOO0OO0OO
3 0100000010 001 10O0O0OO0OO0OOOOOOOOOOO0OO
4 060010000100 0 0O1 000O0O0O0OO0OO0OOOOOOTLOO0O0
5 0000001010 0 0OOOOO0OO0OT1O0O0OO0OOOOOOTLTOO0O

@ Springer



J Glob Optim (2011) 49:49-67

64

continued
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Table 5 Continued
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